We explore self-similar hydrodynamics of general polytropic (GP) and isothermal cylinders of infinite length with axial uniformity and axisymmetry under self-gravity. Specific entropy conservation along streamlines serves as the dynamic equation of state. Together with possible axial flows, we construct classes of analytic and semi-analytic non-linear dynamic solutions for either cylindrical expansion or contraction radially by solving cylindrical Lane-Emden equations. By extensive numerical explorations and fitting trials in reference to asymptotes derived for large index n, we infer several convenient empirical formulae for characteristic solution properties of cylindrical Lane-Emden equations in terms of n values. A new type of asymptotic solutions for small x is also derived in the Appendix. These analyses offer hints for self-similar dynamic evolution of molecular filaments for forming protostars, brown dwarfs and gaseous planets and of large-scale gaseous arms or starburst rings in (barred) spiral galaxies for forming young massive stars. Such dynamic solutions are necessary starting background for further three-dimensional (in)stability analysis of various modes. They may be used to initialize numerical simulations and serve as important benchmarks for testing numerical codes. Such GP formalism can be further generalized to include magnetic field for a GP magnetohydrodynamic analysis.
I N T RO D U C T I O N
In several astrophysical contexts of large-scale filament hydrodynamics, the idealized scenario for gravitational collapses of infinitely long axisymmetric cylinders towards the axis has been studied previously (e.g. Miyama, Narita & Hayashi 1987; Inutsuka & Miyama 1992 , 1997 Kawachi & Hanawa 1998; Bouquet et al. 1985; Holden et al. 2009 ). However, the full scope of possible dynamic solutions for general polytropic (GP) cylinders has not been explored with the polytropic index γ = 1. In reference to earlier works (Goldreich & Weber 1980; Lou & Cao 2008; Li & Lou 2015, submitted) for spherical dynamics, we highlight that the situation of γ = 1 for a GP cylinder (Lou & Xing 2015) is analogous to that of γ = 4/3 for a GP sphere (Lou & Shi, in preparation) for respective geometries. We will demonstrate the general scheme of cylindrical GP dynamic solution construction here. Very recently, one such self-similar GP dynamic model analysis and specific application to molecular cloud core Barnard 68 have been perfomed by Li & Lou (2015) .
Our constructed solutions may offer clues for self-similar dynamic collapses of molecular filaments for forming protostars, brown dwarfs and gaseous planets and of large-scale gaseous arms E-mail: louyq@mail.tsinghua.edu.cn or starburst rings in (barred) spiral galaxies for forming young massive stars and are valuable for calibrating numerical codes. This hydrodynamic formulation can be further generalized to include axial and azimuthal magnetic field with axisymmetry (e.g. Stodolkiewicz 1963; Hennebelle 2003; Tilley & Pudritz 2003; Shadmehri 2005; Lou & Xing 2015, submitted) .
Based on our experience with GP spherical dynamics, this paper clarifies the connections between spherical and cylindrical dynamics and dynamic and static solutions by concrete examples. In particular, it is feasible to construct GP dynamic cylinder with axial flow and finite moving boundary.
A X I S Y M M E T R I C H Y D RO DY NA M I C M O D E L
We consider a dynamic model scenario that a self-gravitating fluid remains axisymmetric during a radial dynamic evolution in cylindrical geometry with possible flow velocity component parallel to the axis. In the following, P is the pressure (or effective pressure in proper astrophysical contexts) and ρ is the mass density. The timedependent axisymmetric radial dynamics can be described in the Eulerian form by the radial momentum conservation in cylindrical coordinates (r, φ, z) 
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where M l (r, t) ≡ r 0 2πrρ(r, t)dr is the enclosed mass per unit length within radius r at time t, u is the bulk radial flow speed and G ≡ 6.67 × 10 −8 dyn cm 2 g −2 is the gravitational constant. The z-component of momentum equation is
where v z (r, t) is the z-component flow velocity. The mass is conserved by the familiar continuity equation
which is equivalent to the following pair of partial differential equations (PDEs) in axisymmetric cylindrical geometry
Finally, the conservation of specific entropy s(r, t) ∝ log (P/ρ γ ) along flow streamlines is simply
where γ is the polytropic index (Chandrasekhar 1939; Munier & Feix 1983) . Note that P = κρ γ with a global constant κ is just a particular case satisfying PDE (5); it is referred to as the conventional polytropic (CP) equation of state (EoS) as a subclass in the GP formulation here (Lou & Cao 2008; Wang & Lou 2008; Lou & Shi 2014b) .
By non-linear PDEs (1) and (4) and for the Newtonian gravitational potential (r, t) in the form of
the Poisson equation ∇ 2 = 4πGρ is satisfied automatically by axisymmetry in cylindrical coordinates.
Cylindrical self-similar transformation
To solve for self-similar GP dynamic solutions from non-linear PDEs (1)-(5), we invoke self-similar transformation equation (7) below to reduce these PDEs to a set of coupled non-linear ordinary differential equations (ODEs), namely
where a is a scaling index and A is a dimensional constant related to the sound speed to make the self-similar independent variable x dimensionless (see Lou & Cao 2008 for analogous non-linear hydrodynamic PDEs and self-similar transformation in spherical geometry). Notations α (x), m(x), v(x), w(x) and p(x) represent four dimensionless dependent functions of x only, corresponding to the reduced density, enclosed mass per unit length, radial velocity, axial velocity and pressure, respectively. By self-similar transformation equation (7), non-linear PDEs (1)-(5) can be reduced to
Clearly, PDEs (1)-(5) and these coupled non-linear ODEs are invariant under the time reversal operation below,
Therefore, any dynamic solution can be also temporally reversed to depict its inverse process as long as this process is reversible (n.b., shocks need more care; see Lou & Shi 2014a for constructing converging shocks of Guderley-type under self-gravity). For example, one solution describing a collapse can be also properly inverted to describe an expansion process. Here, a is negative for sensible astrophysical solutions of interests.
H O M O L O G O U S C O L L A P S E O F A G P G A S
We analyse a cylinder of a = −1 as the counterpart for the homologous analysis of Goldreich & Weber (1980) for a self-gravitating sphere. Their model was applied to a massive stellar core collapse under self-gravity prior to the core bouncing for supernova explosions. Lou & Cao (2008) substantially extended their analysis by considering a GP gas in various situations. Cao & Lou (2009) and Lou & Lian (2012) further studied three-dimensional (3D) perturbations for acoustic modes (p-modes), gravity modes (g-modes) and vortex modes (v-modes), and analysed 3D linear (in)stability properties of such GP dynamic collapses. By enclosed line mass conservation ODEs (8) and (9) and for m = 0 and a = −1, we readily obtain
The case of α = 0 everywhere at all times would be trivial; for non-trivial cases, the radial flow velocity is given by
corresponding to an expansion or a contraction/collapse by a time reversal operation. Then specific entropy conservation (equation 12) along streamlines requires γ − a = 2 leading to γ = 1 for an arbitrary p/α γ in x only. Meanwhile, mass conservation (equation 13) becomes automatically satisfied, giving no further constraint on α(x). Likewise, the z-component momentum equation (11) is satisfied for an arbitrary yet sensible radial profile of w(x) for reduced flow speed parallel to the axis. Taking the derivative of radial momentum equation (10) with respect to x, we derive
Comparing to the spherical analogy, ODE (16) of Lou & Cao (2008) , there is no extra term associated with the inertial force on the righthand side (RHS) of ODE (17). Now these ODEs are not complete yet and an arbitrary description of specific entropy distribution as a function of x only is allowed by equation (12) (Lou & Cao 2008; Munier & Feix 1983) . Emphatically, we already get P ∝ ρ but are free to choose the proportional coefficient as an arbitrary function of x ≡ Ar/t; the same situation also applies to the enclosed mass per unit length M l (r, t) ∝ m(x). In fact, this point can also been seen by inspecting P and ρ in self-similar transformation equation (7).
Physically, log (P/ρ γ ) is proportional to the specific entropy s(r, t) in a GP fluid. Once the distribution of specific entropy is known as a function of x along streamlines, the self-similar GP dynamic flow is then fully determined.
Example classes of possible solutions
One possible form of allowed dynamic EoS would be
where g(x) is an arbitrary yet physically reasonable dimensionless function of x ≡ Ar/t (see Lou & Cao 2008 ); e.g. one simple choice would be p(x) = λα(x) where λ is a constant. Non-linear ODE (17) then reduces to
for the familiar isothermal case of constant P/ρ (e.g. Miyama et al. 1987) . The boundary condition is α = 0 at x = 0 and α(0) is a positive parameter. Ostriker (1964) derived analytical solutions from this type of cylindrical isothermal ODE (see Section 4 and Stodolkiewicz (1963) for an isothermal magnetized cylinder of compressible gas in magneto-hydrostatic equilibrium). 1 We note in passing that an azimuthal magnetic field squared being proportional to the mass density as assumed in the magnetostatic model development of Stodolkiewicz (1963) would actually lead to the unphysical outcome of non-zero azimuthal magnetic field along the symmetry axis for a cylinder. Similarly, the isothermal dynamic cylinder model with a ring magnetic field configuration and a prescribed constant plasma β part of Tilley & Pudritz (2003) also suffers the same problem (see their fig. 2d ); a diverging azimuthal magnetic field along the symmetry axis is even more difficult to justify physically. Solution (23) of Shadmehri (2005) also has this problem of a diverging azimuthal magnetic field b ϕ towards the symmetry axis.
As a class of rich examples, we are completely free to choose the following dimensionless GP dynamic EoS
where n is an arbitrary dimensionless positive coefficient corresponding to the index n. Then ODE (17) becomes
Rescaling dependent and independent variables as
with α = α 0 at x = 0 or η = 0, ODE (21) can be cast as
where the central boundary conditions are θ (0) = 1 and dθ/dη ≡ θ = 0 at η = 0. Mathematically, equation (23) is the LaneEmden equation for axisymmetric cylindrical polytropes under selfgravity (see Stodolkiewicz 1963; Ostriker 1964 the static counterpart). Using the standard fourth-order Runge-Kutta scheme, it is straightforward to solve cylindrical Lane-Emden equation (23) satisfying the prescribed central boundary conditions. For a range of relatively small n values, we obtain numerical solutions θ n (η) shown in Fig. 1 with n = 0.0, 0.5, 1.0, 1.5, 2.0, respectively. For the two cases of n = 0.0 and n = 1.0, our two numerical solutions and the two exact analytic solutions (24) and (25) below agree with each other precisely as expected.
We also compute five θ n (η) solutions for a range of relatively large n values of 5, 10, 15, 20, 25 . These θ n (η) solutions are displayed in Fig. 2 for a more comprehensive perspective for the trend of solution structure variations with increasing n values.
By relation (22) for rescaling and the first of self-similar transformation equation (7), we present scaled mass density profiles as θ n n (η)/ spread out into the outer region, and leaving a larger boundary radius and a more stretched-out radial profile as index n takes larger values. The spatial density also tends to decrease less rapidly for larger n values.
For a specified index n, solutions of cylindrical Lane-Emden equation (23) satisfy the homology transformation, i.e. in reference to a solution θ n (η) with a specified n, S 2/(n − 1) θ n (Sη) is also a solution with parameter S being a constant as can be readily verified. We expect physical solutions of equation (23) satisfying the central boundary conditions to decrease monotonically from the centre and to approach (first) zero at the moving cylinder boundary.
For clarity, we summarize here the procedural steps for finalizing the construction of physical solutions for self-similar dynamic cylinder evolution. Three positive parameters A (dimensional in the inverse of speed for a = −1) in self-similar transformation equation (7), n (dimensionless; corresponding to a given index n) in a chosen form of GP dynamic EoS (20) and α 0 (dimensionless) in rescaling relation (22) are all arbitrary in our theoretical model formulation. They can be chosen in a proper combination to characterize and/or approximate idealized long cylinders, columns, filaments, rings and spiral arms under self-gravity with or without axial flows in various astrophysical contexts. For a specified index n, we solve GP cylindrical Lane-Emden equation (23) for θ (η) satisfying the central boundary conditions. Together with chosen dimensionless parameters n and α 0 , we then have x and α(x) by rescaling relation (22) . By specifying the dimensional parameter A in self-similar transformation equation (7) and prescribing a sensible axial flow speed profile for w(x), we then have all dimensional physical variables in r and t for a GP self-similar dynamic cylinder evolution for either expansion or collapse.
The outer moving boundary of such a GP fluid cylinder is defined as P = 0 or ρ = 0 at η = η B , corresponding to θ (η B ) = 0 directly. We will elaborate more on this moving boundary presently.
We now describe two exact solutions to cylindrical Lane-Emden equation (23). For n = 0 of a liquid cylinder, we immediately obtain
For n = 1, we readily derive analytically
where J 0 is the zeroth-order Bessel function of the first kind. For other n values, one derives a convergent series expansion of
and several pertinent basic solution properties (see equation 15 of Ostriker 1964 and his figs 1-3 for a few solution examples and asymptotic relations for 1 ≤ n ≤ 12 as well as extensive numerical tabulations of the functions θ n (η) in the range of 1 ≤ n ≤ 20 by Ostriker 1965) . It is straightforward to numerically solve cylindrical Lane-Emden equation (23) satisfying central boundary conditions and determine pertinent quantities of interests. When possible, our numerical computation results have been compared with those available in the tables of Ostriker (1964 Ostriker ( , 1965 with differences less than 5 per cent. 2 In contrast to the spherical polytropes, Ostriker (1964) showed that the cylindrical polytropes all have finite radii and masses. Such polytropic cylinders become both more concentrated in their inner regions and more extended in their outer regions with increasing n. The limit of n → +∞ corresponds to the familiar isothermal case as discussed. These solution properties will be discussed presently in more specific contexts of our numerical solutions for different n values.
In reference to fig. 2 of Ostriker (1964) , the moving cylinder boundary η B versus n can be compared for numerical results and asymptotic analytical expression of dynamic cylindrical polytropes (see our Figs 5, B1 and B2) . By equating the gravitational potential at the surface of a GP dynamic cylinder in the large n regime and that within an isothermal dynamic cylinder of the same mass at the same radius, the dynamic cylinder boundary is thus asymptotically given by
in the regime of very large n. This analytic expression (27) for dynamic cylinder boundary η B (n) is then examined by our numerical solutions from dynamic Lane-Emden equation (23) In logarithmic scale, the agreement of the two curves for large n is quite good, while the deviation between the two for small n is noticeable and may be further fitted by a simple empirical expression. By extensive numerical fitting explorations in reference to Figs B1 and B2, we offer a much better empirical formula for η B (n) from small n to fairly large n. For example, asymptotic expression (27) multiplied by a factor ( ln n + δ) with and δ being two positive fitting coefficients appears to be an extremely good fit for 0 ≤ n ≤ 100, namely
Shown with logarithmic scales for ordinate in Fig. 5 , empirical fitting formula (28) and our numerical results coincide very well with each other, while analytic asymptote (equation 27) deviates from our numerical results for smaller n values. In reference to fig. 3 of Ostriker (1964) , the (unnormalized) mass per unit length 3 |η B θ (η B )| (i.e. it is proportional to 2π η B 0 ρrdr) and the so-called dynamic half radius η 1/2 (radius within which one-half the cylinder mass is included) versus n can both be compared, respectively, for the numerical results and asymptotes for the cylindrical polytropes as n approaches infinity in the isothermal limit.
By matching the gravitational potential energy per unit length in the large n regime and that of an isothermal cylinder in a sensible manner, one can determine the (unnormalized) enclosed mass per unit length within a GP dynamic polytropic cylinder to be proportional to
By the numerical solutions of dynamic Lane-Emden equation (23) satisfying the central boundary conditions in a wide range of n values, we examine the validity of asymptotic expression (29) for the scaled enclosed mass per unit length versus n. Such comparisons are shown in Figs B3 and B4 of Appendix B for two different ranges of n. In reference to the numerical results, we offer an empirical fitting formula by introducing an extra term in the form of c e /(n + 1) 2 , c e /(n 2 + 1), c e /(n + 1) 3 and c e /(n 3 + 1), respectively, with c e + 4/3 being equal to the numerical value of |η B θ n (η B )| for n = 0 such that c e = 0.6569. By direct comparisons in details among these four choices, the best fit appears to be
for the scaled enclosed line mass per unit length within the range of smaller index n as shown in Fig. 6 . Being convenient for theoretical model analyses and estimates, this empirical fitting formula (30) works essentially for the entire n range. One-half of the GP cylinder mass is contained within the dynamic half radius η 1/2 . For large n values towards the isothermal limit (Ostriker 1964 (Ostriker , 1965 , this dynamic half radius η 1/2 in the current context is asymptotically given by
We have compared this analytic expression (31) with the numerical solutions of dynamic Lane-Emden equation (23) empirical fitting formula with an additional factor linear in log n in the form of
For checking the quality of fitting η 1/2 (n) versus n variation with a sense of precision, we proceed to compare simple empirical fitting formula (32) with our numerical results in Fig. 7 . The visual examination clearly shows an extremely good agreement and thus justify the validity of empirical formula (32). In fact, empirical formula (32) remains valid for the entire range of index n values with a high accuracy. By the very definition of the half radius η 1/2 , we have the following simple relation for the scaled enclosed line mass
Using two empirical fitting formulae (30) and (32), we further infer the empirical formula for θ (η 1/2 ) as
We readily compare this inferred empirical formula (34) for θ (η 1/2 ) versus n with our numerical results for a consistent check. This cross-examination is displayed in Fig. 8 and the agreement between the two curves is fairly satisfactory. The spatial volume per unit length within a GP dynamic cylinder at radius r is πr 2 so that the mean mass density within radius r is given by
We now comment on the moving boundary. For the isothermal case (n → +∞), the mass density remains always positive and approaches zero when radius r becomes infinitely large (see Section 4). With finite n values for GP dynamic EoS (20), the density solutions (analytical and numerical) in Section 3.1 indeed are all positive starting from the central axis and eventually become negative beyond sufficiently large radii. As a negative mass density is unphysical, we would naturally consider the part of the solution that is positive approximately represents an actual physical solution and regard the radius of zero density as the moving boundary. In this type of solution, the radial speed linear in r for a given t is the highest at the moving boundary. If such a dynamic cylinder is bounded by an external medium of finite pressure, then we may need to determine an appropriate interface to maintain pressure balance across the moving boundary (similar to what has been done in constructing a static isothermal Bonnor-Ebert sphere). For either expansion or collapse, this would imply an external medium capable of adjusting itself sufficiently fast around the moving boundary. Otherwise, the moving boundary zone would sustain a level of disturbances. In reference to the solutions of the cylindrical Lane-Emden equation, the basic trend of variation is that the cylinders become simultaneously more concentrated in their central regions and more extended in their outer parts as index n increases (see Figs 3, 4, 9 and 10) . In an idealized model scenario, we take the radius where the density vanishes as the boundary of a dynamic cylinder (see Goldreich & In astrophysical situations, one would consider a cylinder (say, a long molecular filament) to be bounded by interstellar medium (ISM) of finite density and pressure. If such ISM density and pressure are sufficiently low, we may be then justified to ignore them. The outside of a dynamic cylinder is effectively treated as a vacuum. For non-negligible ISM density and pressure, a cylinder with an extended outer region may strike a dynamic balance or mingle with the surrounding ISM in a dynamic or even turbulent manner. In practice, we grossly recognize the central high-density portion of a dynamic cylinder surrounded by an extended mixed region. Therefore, for large n solutions, we practically identify boundary zones (either wide or narrow) surrounding central high-density filaments or columns.
Physical properties of GP dynamic cylinders
For our self-similar GP dynamic cylinder, the radius r and time t are related by
and the physical mass density is given by
where the superscript n is the power index and the subscript serves merely as a label. As mass density ρ vanishes at the moving boundary η B , the radial mass flux per unit length is zero across the dynamic boundary of a GP cylinder. This holds true for either expansion or contraction of our self-similar GP dynamic solutions. The dimensional radial and axial (z-component) flow velocity components are, respectively, given by
where the dimensionless speed profile w(x) is arbitrary (specifically for a = −1 here) yet can be reasonably prescribed. One might even perceive a unidirection 'jet' for a radial gravitational collapse where w(x) is fastest around the axis, decreases sufficiently rapidly with increasing x and vanishes at the moving boundary.
Otherwise for a < −1 as analysed in Appendix A with more details, it is possible to derive an integral w 2 = Zm(x) (i.e. solution A4 in Appendix A) where Z > 0 is an integration constant. Since m(x) > 0 is an increasing function of x, it follows that |w(x)| is also an increasing function of x in general. In other words, a 'jet' like flow feature would not be feasible. Of course, we could set Z = 0 for the case of no axial flow component along the z-direction.
Through an integration by parts, the enclosed mass per unit length within radius r (or η) is readily given by
The total cylinder mass per unit length is therefore M l (η B ) with θ n (η B ) = 0. The physical dynamic pressure profile is simply
which also vanishes at the moving boundary η B of the GP dynamic cylinder. The ratio of pressure over mass density is
where θ n (η) is the cylindrical Lane-Emden solution with given n and satisfies the central boundary conditions (Stodolkiewicz 1963; Ostriker 1964 Ostriker , 1965 . For an ideal gas law, θ n (η) profile represents a dynamic evolution of 'temperature' which also vanishes at the boundary η B of a GP dynamic cylinder. By relation (22) for rescaling and the first of self-similar transformation equation (7) and 10 for n = 3 and n = 5, respectively. 4 In both cases, t = 0 squeezes on to the vertical axis r = 0. Shown as such in both Figs 9 and 10, we directly sense GP dynamic process for cylinder expansions with increasing time. That is, the concentrated centre of the cylinder will dilute with increasing time t and the radius of cylinder expands. For the same Figs 9 and 10, respectively, yet with a time reversal operation, we readily visualize GP dynamic process for cylinder collapses under self-gravity towards the symmetry axis. That is, the central concentration increases with increasing time t.
DY NA M I C I S OT H E R M A L G A S C Y L I N D E R
Equation (19) stands for the isothermal case and C s ≡ λ 1/2 /A is the isothermal sound speed. We define α = (λ/2)exp (−ψ) to cast equation (19) in the form of
The central boundary conditions are ψ (0) = ψ(0) = 0. The analytic solution of equation (42) is (Stodolkiewicz 1963; Ostriker 1964; Miyama et al. 1987) .
For an isothermal cylinder, reduced density profile (equation 43) falls off rapidly as x −4 far away from the axis. In dimensional forms
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for physical considerations, the mass density is
and the isothermal pressure is accordingly given by
The enclosed mass per unit length within radius r is
where the central boundary conditions are satisfied. By the third expression with a = −1 in self-similar transformation equation (7), the reduced enclosed mass per unit length is readily identified with
In the limit of x approaching infinity, M l settles towards a finite constant value 2C 2 s /G. For example of a gas temperature T ∼ 10 K in a self-gravitating molecular gas filament, the corresponding isothermal sound speed is C s ∼ 0.2kms −1 and the critical mass per unit length M l = 2C 2 s /G ∼ 16 M pc −1 . Nowadays through multiwavelength observations (e.g. millimetre, submillimetre and infrared bands), it may be possible to estimate the mass per unit length in star-forming molecular filament and masses of identified molecular clumps therein (see e.g. Li et al. 2014 for molecular filament L1482 in the California molecular cloud and identification of star-forming molecular clumps; also Inutsuka & Miyama 1997) . The information thus inferred can be useful for constraining theoretical model development for the dynamic evolution of long cylinders. One-half of the cylinder mass is therefore contained within the dynamic radius x 1/2 = 8 1/2 ; this radius is either expanding or contracting with a supersonic speed 8 1/2 C s /λ 1/2 . The radial flow velocity is given by u = r/t and the radial mass flux per unit length is given by
which vanishes as x → +∞. The z-component flow velocity v z = (C s /λ 1/2 )w(x) is parallel to the symmetry axis. The isothermal model suggests that the density of axisymmetric cylinder should scale as r −4 for large r. For confirmation of the expectation that large n limit corresponds to the isothermal case, we obtain numerical solutions with large n values for comparisons with the isothermal solution. Two sample numerical results are presented in Figs 11 and 12, with fairly large n values of 25 and 250, respectively. The solid curves denote the isothermal solution, where c n are chosen to be 11.5 and 27.7, respectively, for data fitting.
Obviously, as n approaches the isothermal limit of infinity, the isothermal curve fits the real solution curve increasingly well. In addition, the isothermal curve is still more centre concentrated and long tailed than the solution, suggesting an even larger n value will further approach the isothermal state. We would expect that the solution curve to coincide with isothermal expectation for n → ∞. Such observation validates our theoretical anticipation.
D I S C U S S I O N A N D S U M M A RY
Motivated by ubiquitous large-scale filamentary structures in molecular clouds of forming protostars, brown dwarfs and gaseous planets, by starburst rings (e.g. Lou et al. 2001 ) and by spiral arms of forming young massive stars in spiral galaxies (e.g. Fan & Lou 1996; Lou & Fan 1998), we have developed a theoretical formalism for GP axisymmetric hydrodynamic cylinder of infinite length under self-gravity with radial and axial flow components. By a cylindrical self-similar transformation, we derived a set of coupled non-linear ODEs for constructing dynamic solutions with allowed flow velocity component parallel to the symmetry axis (see also Appendix A).
By closely following the hydrodynamic model frameworks in cylindrical and spherical geometries for self-similar dynamic solutions, we readily realize that γ = 1 in an axisymmetric GP dynamic cylinder parallels γ = 4/3 in a spherically symmetric GP dynamic sphere.
For self-similar CP hydrodynamics with a constant entropy globally, we would have γ ≤ 4/3 for dynamic spheres (e.g. Cheng 1978; Suto & Silk 1988; Lou & Wang 2006; , while γ ≤ 1 for dynamic cylinders (e.g. Kawachi & Hanawa 1998) as can be readily seen by respective theoretical model formalisms. To overcome such constraints, for self-similar GP hydrodynamics, γ > 4/3 is also allowed in addition to γ ≤ 4/3 for dynamic spheres (Wang & Lou 2008; Lou & Shi 2014b; Li & Lou 2015, submitted) ; in parallel, γ > 1 is also allowed in addition to γ ≤ 1 for GP dynamic cylinders (Lou & Hu, in preparation) . The special case of γ = 1 for GP cylinder corresponds to that of γ = 4/3 for GP sphere due to geometry distinction. For CP hydrodynamics in general, γ = 1 corresponds to the isothermal case and γ = 4/3 corresponds to the relativistically hot or degenerate cases.
For dynamic spheres with γ = 4/3, in addition to homologous CP solutions (Goldreich & Weber 1980) , we can construct various GP solutions (Lou & Cao 2008; Lou & Shi, in preparation; Li & Lou 2015, submitted) by prescribing consistent GP dynamic EoS allowed. The interested reader is referred to Li & Lou (2015) for specifics of a spherical GP self-similar dynamic model analysis and application of such a dynamic model to molecular cloud core Barnard 68. Analogously, for dynamic cylinders with γ = 1, we constructed in this paper isothermal dynamic solutions and various other GP dynamic solutions by prescribing consistent GP dynamic EoS allowed. For both spherical and cylindrical cases, the key of so many consistent GP dynamic solutions is due to the complete freedom of prescribing dynamic EoS in terms of independent selfsimilar variable x.
For CP self-similar cylinder dynamics of axisymmetry, γ is less than 1 (Kawachi & Hanawa 1998) , while the γ = 1 case needs to be treated separately (corresponding to the isothermal case of n → ∞ limit in this paper; see Miyama et al. 1987) . It is not possible for γ to be greater than 1 for a CP self-similar dynamic solution of axisymmetry. For GP self-similar dynamics of axisymmetry, γ can be less than, equal to, and greater than 1 (e.g. Inutsuka & Miyama 1992; Holden et al. 2009; Lou & Hu, in preparation) . This paper is mainly for γ = 1 self-similar GP dynamic cylinder.
For example, Kawachi & Hanawa (1998) studied CP hydrodynamics of a self-gravitating cylinder with 0 < γ < 1 both semianalytically and numerically in reference to the spherical analogy; outside this γ range, situations are only described qualitatively. They found static singular polytropic cylinder solution, derived several asymptotic solutions with the diverging solution at large |x| and constructed Larson-Penston-type and Hunter-type solutions numerically. 5 In particular, they felt that the collapse of a γ = 1 (isothermal) cloud is difficult to analyse and mentioned it very briefly in their section 5 in passing. Given such a situation, the important message of this paper is that our formalism of self-similar GP dynamic cylinder with γ = 1 includes the isothermal case as a special subclass; there exists a whole range of possible consistent GP dynamic solutions and we have demonstrated one major class of GP solutions as an example.
In the CP self-similar dynamics of spherical symmetry, Yahil (1983) considered the case of 6/5 ≤ γ < 4/3. Actually, Yahil did not really consider the special case of γ = 4/3 contrary to his claim in the abstract. He tried to analyse the limiting process of γ → 4/3 for the Larson-Penston-type solutions. However, the Larson-Penston-type solutions for γ = 4/3 (Lou & Shi, in preparation) are distinctly different from the ones in the limiting process of γ → 4/3 of Yahil (1983) .
Likewise, in the CP self-similar dynamics of axisymmetry, we expect that Larson-Penston-type solutions for γ < 1 and for γ = 1 would be different (Lou & Hu, in preparation) .
Several main messages of this paper are summarized in the following aspects and perspectives.
First, although highly idealized, it is valuable to envision various dynamic scenarios for cylindrical self-similar evolution under selfgravity based on all kinds of GP dynamic solutions constructed. It is of further interest to include element of self-similar shocks to connect available solutions across the sonic critical point. With selfsimilar shocks, the variety of possible solutions will be significantly enriched.
Secondly, given such a dynamic solution as the background, it would be of considerable interests to further perform 3D perturbation analysis to probe (in)stability properties (e.g. Chandrasekhar & Fermi 1953; Chandrasekhar 1961; Nagasawa 1987; Lou 1996; Cao & Lou 2009; Lou & Lian 2012) . Gravitational instabilities tend to break the high-density cylinder or arm around the axis into clumps embedded with protostellar clusters, protostars, brown dwarfs and gaseous planets. In general, this would involve two classes of timescales: those of dynamic evolution and those of instabilities (e.g. Lou & Cao 2008; Lou & Lian 2012) . When the two are well separated, the scenario is relatively simple. When the two are comparable, numerical simulations would be necessary to follow non-linear interplays.
Thirdly, non-linear GP dynamic solutions in spherical and cylindrical geometries can be studied and explored systematically in parallel and by analogies. There are special properties and unique features that are associated with spherical and cylindrical geometries. Certain types of dynamic solutions may be present and absent due to geometric differences (e.g. the case of quasi-static dynamic solution as analysed in Appendix A2).
Fourthly, for a < −1 GP dynamics, v z is determined by u or through the simple integral directly related to the enclosed line mass. One can construct a unidirectional dynamic flow associated with dynamic radial collapse under self-gravity. Either v z vanishes everywhere or v z increases with radius r in magnitude. For a = −1, the axisymmetric dynamic profile of v z is free to specify.
Fifthly, it is of considerable interests to construct expansion and converging cylindrical shocks by analogies of spherical shocks (Lou & Shi 2014a) . In particular, the construction of converging cylindrical shocks would involve a time reversal operation. One needs to take care of the proper physical aspect of entropy change across such a converging shock.
Sixthly, both dynamic solution and 3D dynamic perturbation solutions can be utilized to initialize numerical simulations consistently and to calibrate numerical code development in a sensible manner. It would be highly desirable to perform numerical simulations and to determine physical conditions of selecting various possible self-similar solutions.
Finally, magnetic fields are important in various astrophysical contexts and can be included for a magnetohydrodynamic (MHD) analysis (e.g. Stodolkiewicz 1963; Hennebelle 2003; Tilley & Pudritz 2003; Shadmehri 2005; Lou & Xing 2015) for a dynamic cylinder in the GP formalism . All the foregoing aspects can be investigated systematically in the presence of ring, straight, and helical magnetic fields of axisymmetry. In particular, Lou & Xing (2015) re-visited the self-similar isothermal MHD cylinder with both axial uniformity and axisymmetry and with a ring magnetic field (Tilley & Pudritz 2003) and found analytically and numerically that, for the case of constant flux-tomass ratio, the asymptotic mass density radial scaling remains to be r −4 instead of r −2 for any given ring magnetic field strength be it weak or strong. This cleans up the previous major mistakes and misconceptions. The main effect of a strong ring magnetic field is to increase the radius beyond which the asymptotic mass density radial scaling of r −4 gradually emerges. This paper mainly focuses on key pertinent theoretical aspects for GP self-similar dynamic cylinder of axisymmetry with radial and axial flow components. Further analytical and numerical analyses as outlined will be performed separately and astrophysical applications will be pursued elsewhere (e.g. Lou & Xing 2015) . (MoE) at Tsinghua University.
AC K N OW L E D G E M E N T S

A P P E N D I X A : M AT H E M AT I C A L D E R I VAT I O N S A N D A NA LY S E S
We now summarize main steps of manipulations for non-linear ODEs (8)-(13) for a < −1. Combining ODEs (8) and (9), we derive the reduced enclosed line mass in the simple algebraic form of
The relevant physical requirements are m(x) > 0, α(x) > 0 and thus (ax + v)/(a + 1) > 0. The condition of ax + v = 0 would give rise to the so-called zero mass line. That is, no line mass is enclosed within such x and the central cylinder contains a cylindrical void with nothing or is filled with a radiation field or light particles such as neutrinos and/or electron-positron e ± pair plasma. A combination of ODEs (8) and (12) gives a fairly simple form of the GP dynamic EoS, i.e.
where 0 is an integration constant and the naturally emergent parameter
is a combination of a and γ . In general for q = 1 and A > 0, one can always set 0 = 1 by a rescale transformation
A; while for γ = 1 and q = 1, 0 > 0 is an arbitrary parameter to be chosen in proper astrophysical model contexts.
Division of two ODEs (8) and (11) gives
where Z > 0 is an integration constant. In general, m(x) is an increasing function of x. It follows that w(x) = ±[Zm(x)] 1/2 also increases in magnitude with increasing x.
Substitution of GP dynamic EoS (A2) and relation (A1) into ODE (10) together with ODEs (11) and (13) yields three coupled non-linear ODEs, namely
Once v(x) and α(x) are solved from ODEs (A5) and (A6) with appropriate asymptotic conditions (these two ODEs do not involve w(x)), we then insert thus derived v(x) into ODE (A7) to consistently solve for w(x) for the radial profile of the z-component flow speed.
In fact, we can insert thus derived v(x) and α(x) into solution (A4) for w(x) by choosing a proper value for positive coefficient Z > 0.
A1 The dominance of self-gravity for small x
It is possible to derive leading central free-fall solutions in cylindrical geometry for γ < 1 consistently by ignoring the pressure force as compared to the gravity in the radial momentum equation (10) (see Wang & Lou (2008) for the consistent spherical GP free-fall solutions by requiring n > 2/3 and γ < 5/3). For γ < 1 and x → 0, we derive from ODEs (10) and (13) the leading free-fall solution in the form of
For small x, both v(x) and α(x) diverge and xαv approaches a constant sgn(v)2|a + 1|m(0) by the line mass conservation or relation (A1). This discussion is pertinent to free-fall solutions (A8) and (A9). It is possible to compare the pressure force and gravity by magnitudes in the radial momentum equation. For small x, m(x) approaches a constant value m(0) such that the line mass conservation is balanced. By asymptotic expression (A8), it follows that
and thus
The gravity term is proportional to 1/x. The ratio of the pressure force over the gravity scales as
For x → 0, the behaviour of this ratio is sensitive to γ . For γ < 1, pressure force can be consistently ignored and the central free-fall solution would be compatible with the assumption. For γ = 1, the pressure force and gravity are comparable. For γ > 1, the pressure force may overwhelm the gravity. When the pressure force is significant as compared to gravity for small x, it is still possible to have diverging v(x) and α(x) for x → 0 by extensive numerical experiments (see also Holden et al. 2009 ). We would still have xαv = sgn(v)2|a + 1|m(0) by the line mass conservation. From the radial momentum equation, we would have
as x → 0 for γ > 1 where C B is an integration constant. This is essentially Bernoulli equation. For γ = 1 and thus q = 1 with a < −1, we would derive from the radial momentum equation
as x → 0, where C B is another integration constant. It would further follow that
where C B is a readjusted integration constant. It is then possible to determine leading asymptotic behaviours of v(x) and α(x) for comparisons with numerical solutions and for fitting pertinent integration constants.
A2 Analyses for the absence of physical quasi-static solutions
For γ = 1 and q = 1 and a < −1, it is also possible to derive from non-linear ODEs (A5)-(A7) the following solution, namely
where C > 0 and D are two arbitrary integration constants. By setting D = 0 for no axial flow, we would have a static singular GP cylinder with γ = 1 and q = 1. For D = 0 in expression (A10), we now examine the possibility of constructing quasi-static dynamic asymptotic solutions for x → 0 + for a cylinder with γ = 1, q = 1 and a < −1 starting for solutions (A10) and (A11).
This kind of asymptotic solutions referred to as the 'quasi-static' dynamic solutions for CP gas spheres was first revealed by Lou & Wang (2006) for self-similar hydrodynamics with spherical symmetry (see also , for the MHD counterpart in quasi-spherical geometry). More details can be found in and Wang & Lou (2008) for MHD solution counterparts/generalizations for CP and/or GP gas sphere with quasispherical symmetry. For axisymmetric gas cylinders, this type of solutions are also possible for self-similar CP gas dynamics. In the following, quasi-static dynamic solutions are constructed by introducing higher order perturbations to solutions (A10) and (A11) with D = 0. The expansion is written as
where C > 0 is arbitrary for the background, L and N are coefficients, and λ and σ are two exponents. It would be possible to require λ > 1 for a real λ or the real part (λ) > 1 for a complex λ and σ > 2/a. Substitution of expressions (A12) into coupled non-linear ODEs (A5) and (A6) with γ = 1, q = 1 and a < −1 gives algebraic equations relating coefficients L, N and exponents λ and σ , namely,
where 0 is defined by expression (A11). Relation (A14) is obtained by setting the coefficient sum of only the leading power x σ in ODE (A6) to vanish, while expression (A15) is obtained by setting the coefficient sum of only the leading power x σ +1 in ODE (A5) to vanish. The static background is also removed in this manipulation.
For non-trivial solution pair of two coefficients L and N, we need to set the determinant of algebraic equations (A14) and (A15) to zero. It is straightforward to show that this condition gives the following quadratic equation for λ, namely
The roots are: λ = 1 and λ = 1 − 4(a + 1)/a with a < −1. The case of λ = 1 corresponds L = 0 and arbitrary N with σ = 2/a which would be trivial for just a different static background. The case of λ = 1 − 4(a + 1)/a with a < −1 would be inconsistent with the series expansion. Therefore, it is not possible to construct quasistatic GP dynamic cylinder solution with γ = 1, q = 1 and a < −1. This is in sharp contrast to the spherically symmetric case with γ = 4/3, q = 2/3 (the definition of q is different for the spherical case) and n > 2/3 (Lou & Cao 2008; Lou & Shi, in preparation) where quasi-static dynamic solutions can be readily constructed Y.-Q. Lou
A3 New asymptotic solutions at small x and pertinent parameter regimes
For γ = 1 and q = 1 with a < −1, one might also try to solve ODEs (A5) and (A6) with the following asymptotic solution form
for small x where is constant coefficient. It follows from ODE (A6) that
where ν = 2(1 − )/(a + ) and C f is a constant. With such solution form in ODE (A5), there are x and x ν + 1 power terms. For ν > 0, we would require the coefficient sum of x power to vanish, leading to = 1 and thus ν = 0. Otherwise for ν < 0, we would require the coefficient sum of x ν + 1 power to vanish, leading to 0 = −(a + ) 2 /(a + 1) 2 . For ν = 0, we would end up with 0 = −1. Therefore, such a solution does not exist. Now consider further γ = 1 with a < −1 for solution forms (A17) and (A18). With the above asymptotic solution form in ODE (A5), there are x, x ν+1 and x 2q−1+ν+νa(1−q) power terms in the regime of small x. It is possible to have ν < 0 and (q − 1)(2 − νa) < 0 simultaneously such that x 2q−1+ν+νa(1−q) is the leading power for small x. We would require the coefficient sum of the leading x 2q−1+ν+νa(1−q) power to vanish, leading to arbitrary 0 and q = ( − 1)γ /(a + 1). By the definition of parameter q ≡ (a − γ + 2)/(a + 1), we must then require = (a + 2)/γ .
For the first case of < 0 and thus a < −2, the density power exponent ν = 2(1 − )/(a + ) is indeed negative. The factor (q − 1) = (1 − γ )/(a + 1) is positive for γ > 1, while the other factor 2 − νa = 2 (1 + a)/(a + ) is negative such that (q − 1)(2 − νa) < 0 indeed. Therefore, all requirements are consistently satisfied for the existence of asymptotic solutions (A17) and (A18).
For the second case of 0 < < 1, the density power exponent ν = 2(1 − )/(a + ) is still negative. The factor (q − 1) = (1 − γ )/(a + 1) is negative for γ < 1, while the other factor 2 − νa = 2 (1 + a)/(a + ) is positive such that (q − 1)(2 − νa) < 0. In this manner, all requirements can be consistently satisfied for the existence of asymptotic solutions (A17) and (A18).
For the third case of = 1, the density power exponent ν = 0. The factor (q − 1) = (1 − γ )/(a + 1) is negative for γ < 1, while the other factor 2 − νa = 2 is positive such that (q − 1)(2 − νa) < 0. For this special case, all requirements can be consistently satisfied for the existence of asymptotic solutions (A17) and (A18).
For the fourth case of > 1, the density power exponent ν = 2(1 − )/(a + ) is negative for − < a < −1. The factor (q − 1) = (1 − γ )/(a + 1) is positive for γ > 1, while the other factor 2 − νa = 2 (1 + a)/(a + ) is negative such that (q − 1)(2 − νa) < 0. However, the enclosed line mass becomes negative, giving an unphysical situation.
A P P E N D I X B : S A M P L E N U M E R I C A L T E S T S A N D C O M PA R I S O N S
For large n values, the dynamic boundary η B (n) of GP dynamic cylinder increases with increasing n. The asymptote is analytically given by expression (27) for n → +∞. By numerically solving GP dynamic cylindrical Lane-Emden equation (23) imation. Our empirical fitting formula is given by expression (28) and the mutual comparison of asymptote (27), empirical formula (28) and numerical results is shown in Fig. 5 with ordinate η B in logarithmic scale.
By expressions (29) and (39), we can first compute the scaled total mass per unit length |η B θ n (η B )| versus n and then directly compare with analytical asymptotic expression (29) derived for large n. Such comparisons are illustrated in Figs B3 and B4 for small and large n values, respectively. Clearly for large n values, the numerical solution and the analytical asymptotic solution (29) tend to agree with each other very well as expected. Nevertheless in this regard, the results and comparison in fig. 3 of Ostriker (1964) appear somewhat confusing and are not easily comprehensible. Perhaps, the line type indication in his fig. 3 caption is out of order there. Even if that is the case, the solid curve should then intersect at 4/3 for n = 0 instead of 1.4 (hopefully not 14 in his fig. 3 ). Most likely, the legend labels ξ 1/2 and |ξ 1 θ (ξ 1 )| should be exchanged for his two sets of curves.
We have shown in the main text that the scaled enclosed line mass |η B θ n (η B )| versus n can indeed be nicely fitted with a simple empirical formula (30) as in Fig. 6 .
By definition, the so-called half radius η 1/2 is the radius within which exactly half of the total mass for a cylinder is enclosed and Figure B5 . A comparison of the half radius η 1/2 versus n: numerical solution in solid curve and analytic asymptotic relation (31) for large n in dotted are shown here for examination. Indeed, the two curves tend to agree with each other well when n becomes sufficiently large. The value of the asymptote (dotted) is larger than numerical results (solid) in general.
is simply given by
By dimensional expression (39), it immediately follows that η B θ n (η B ) = 2η 1/2 θ n (η 1/2 ) .
It is then straightforward to numerically identify the half radius η 1/2 by solving cylindrical Lane-Emden equation (23) satisfying the central boundary conditions. We then examine and compare such numerical η 1/2 versus n with analytic asymptotic expression (31) derived for large n as shown in Fig. B5 . Again in this regard, as already noted, the results and comparison in fig. 3 of Ostriker (1964) appear confusing and inconsistent. Perhaps again, the line type indication in the caption of his fig. 3 is out of order there. Even if that is also the case, the solid curve should then intersect at 2 √ 2 for n = 0 instead of 2.0 (hopefully not 20 in his fig. 3 ). Most likely, the legend labels ξ 1/2 and |ξ 1 θ (ξ 1 )| should be switched for his two sets of curves.
By various numerical fitting trials, analytic asymptote (equation 31) can be adjusted by a proper factor linear in log n to have a much better empirical fit as given by formula (32) which works essentially for all n values. For smaller n values, the almost agreement between empirical fitting formula (32) and numerical results is shown in Fig. 7 in the main text.
When this is successfully done for η 1/2 , we would naturally infer an empirical fitting formula (34) for θ n (η 1/2 ) versus n variation. This empirical fitting formula (34) is further consistently checked in Fig. 8 in comparison with the numerical results. This paper has been typeset from a T E X/L A T E X file prepared by the author.
